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Abstract

A separator is a countable dense subset of [0,1), and a separator enumerator is a naming
scheme that assigns a real number in [0, 1) to each finite word so that the set of all named values
is a separator. Mayordomo introduced separator enumerators to define f-normality and a rel-
ativized finite-state dimension dim'gS (z), where finite-state dimension measures the asymptotic
lower rate of finite-state information needed to approximate = through its f-names. This frame-
work extends classical base-k normality, and Mayordomo showed that it supports a point-to-set
principle for finite-state dimension. This representation-based viewpoint has since been devel-
oped further in follow-up work, including by Calvert et al., yielding strengthened randomness
notions such as supernormal and highly normal numbers.

Mayordomo posed the following open question: can f-normality be characterized via equidis-
tribution properties of the sequence (|Z|”a£(x))f;0, where af () is the sequence of best ap-
proximations to x from below induced by f? We give a strong negative answer: we construct
computable separator enumerators fy, fi and a point x such that a/°(z) = af (x) for all n, yet
dimb]:‘)s(x) = 0 while dim{;ls(x) = 1. Consequently, no criterion depending only on the sequence
(\E|"afl(x))zozo - in particular, no equidistribution property of this sequence - can characterize f-
normality uniformly over all separator enumerators. On the other hand, for a natural finite-state
coherent class of separator enumerators we recover a complete equidistribution characterization
of f-normality. We also show that beyond finite-state coherence, this characterization can fail
even for a separator enumerator computable in nearly linear time.

1 Introduction

Finite-state dimension is a quantitative notion of the rate of randomness in an individual infinite
sequence, as measured by finite automata. It was introduced by Dai, Lathrop, Lutz, and May-
ordomo [3] as a finite-state analogue of effective Hausdorff dimension [7, 6]. It admits several
equivalent characterizations, including formulations via finite-state gambling, finite-state compres-
sion, and block entropy rates [3, 4, 1]. It also has an important connection with the theory of
normal numbers: a real number is normal to base k if and only if its base-k digit sequence has
finite-state dimension equal to 1 [1].

An important connection between effective dimension and classical fractal dimension is provided
by point-to-set principles. Lutz and Lutz [8] proved that the Hausdorff dimension in Euclidean
spaces of a set can be obtained by minimizing, over oracles, the supremum of the relativized effective
dimensions of its points. This reduces many lower-bound questions in geometric measure theory to
analyzing the information density of carefully chosen points, and it has led to several new results and
new proofs across classical fractal geometry; see [9]. In a recent work, Mayordomo [ 1] established



an analogous point-to-set principle for finite-state dimension. A key feature of this development is
that it is representation-based: instead of fixing a base-k expansion, it uses separator enumerators,
i.e. naming schemes that assign reals in [0, 1) to finite words so that the range forms a countable
dense subset. With such an enumerator f : ¥* — [0, 1), one can measure how efficiently a finite-state
transducer can output an f-name approximating a real z to a given precision, leading to a relativized
finite-state dimension dimgs(x) and the induced notion of f-normality, defined by the condition

dimﬁs(x) = 1 [11]. Calvert et al. [2] develop this framework further, introducing strengthened
notions such as supernormal and highly normal numbers under broad classes of representations.

In this paper we study the relationships between f-normality and equidistribution. In the
classical base-k setting, normality has a sharp equidistribution characterization: x is normal to
base k if and only if the sequence (k"x),>1 is uniformly distributed modulo 1 [5]. Motivated by the
classical equivalence between normality and equidistribution, Mayordomo [11] asked whether an
analogous equidistribution criterion holds in the setting of f-normality. Let (a£ ())n>0 denote the
best-approximation-from-below sequence associated with f and z, i.e. af;(z) = max{f(w) : |w| <
n, f(w) < x}. Mayordomo posed the following open question:

Can f-normality be characterized via equidistribution properties of the sequence (\E!”afl(ac))nzo?

We show that the answer is negative in a strong way. We construct two total computable
rational-valued separator enumerators fy, fi and a point = € [0, 1) such that al’ (x) = all (z) for all
n, yet dimf;OS (z) = 0 while dimf;ls () = 1. Consequently, no criterion depending only on the single
numeric sequence (]E\"afl(x))nm—in particular, no equidistribution property of that sequence—
can characterize f-normality uniformly over all separator enumerators.

At the same time, an equidistribution characterization does hold under a natural structural
restriction on the representation. We identify a class of finite-state coherent enumerators obtained
from the standard base-k grid by an invertible synchronous Mealy-machine relabeling, and we prove
that in this regime f-normality is equivalent to a k-adic equidistribution property of the integer
sequence (lfnafz(ac))n>1 (uniform distribution of residues modulo k™ for every fixed m). Beyond
finite-state coherence, we show that this equivalence can already break for a separator enumerator
f computable in O(nlogn) time: there is a point x whose scaled best-from-below approximations
are k-adically equidistributed, but x is not f-normal.

Section 2 defines separator enumerators, finite-state transducers, dim{is, and f-normality. Sec-
tion 3 proves the negative result via a pair of computable enumerators with identical best-from-
below chains but sharply different relativized finite-state dimension. Section 4 establishes the k-adic
equidistribution characterization for finite-state coherent enumerators, and we then show that this
correspondence can already fail for a separator enumerator computable in nearly linear time.

2 Preliminaries

Let ¥ be a finite alphabet with & = |X| > 2 and write X* for the set of finite strings over . For
w € ¥*, |w| denotes its length, and for an infinite sequence X € ¥°° we write X [n for its length-n
prefix (using the operator [ defined in the preamble). We use || for the floor function and interpret
congruences b, = r (mod k™) in the usual sense. Throughout this section we fix an identification
¥ ={0,1,...,k—1}. We view finite words over 3 as base-k numerals and use the associated k-adic
grid in [0,1). For a word u = ujug - - - u, € X", define its base-k value

val(u)
kn

val(u) = > w; k" €{0,1,... k" 1},  and  grid(u) = €0,1).
=1



Thus grid(X") = {j/k™ : 0 < j < k"}. Let seq;(z) € ¥°° denote the (canonical) base-k expansion
of z € [0,1) chosen so as not to end in (k — 1)°.

Finite-state transducers model one-pass, constant-memory transformations on words and are
used to measure finite-state description length.

Definition 1 (Finite-state transducer (FST)). A -finite-state transducer (briefly, 3-FST) is a
tuple T = (Q,0,v,qp) where Q is a finite nonempty set of states, § : Q x ¥ — Q is a transition
function, v : Q x X — X* is an output function, and qy € Q) is the start state.

The transition function extends to words by 6(q,\) = q and §(q, wa) = 6(d(q,w),a). For q € Q
and w € X*, define the output v(q,w) € ¥* by v(q,\) = X and v(q,wa) = v(q,w)v(6(q,w),a) for
a € X.. The overall output of T on input w is T(w) = v(qo, w).

We measure how concisely a transducer can generate a given target string.

Definition 2 (T-information content [11]). Let T be a X-FST and w € ¥*. Define
KT (w) = min{|r| : 7 € %* and T(x) = w},
with the convention KT (w) = oo if w is not in the range of T.

A separator enumerator is a naming scheme for a countable dense subset of [0, 1), assigning a
real in [0,1) to each finite word.

Definition 3 (Separator, separator enumerator [11]). A set S C [0,1) is a separator if it is
countable and dense in [0,1). A function f :¥* — [0,1) is a separator enumerator (SE) if Im(f)
18 a separator.

We call an SE f : X* — [0,1) total computable if there is an algorithm that, on input (w, t) with
w € ¥* and t € N, outputs a rational g such that |¢— f(w)| < 27%, and halts on every input. Given
an enumerator f, we quantify how many input symbols a transducer needs in order to produce
some f-name that §-approximates a target point.

Definition 4 (Relativized approximation complexity [11]). Let f be an SE, T a X-FST, § > 0,
and x € [0,1). Define

K(ST’f(x) =min{KT(w): weX* and |f(w) — x| < 6}.

The induced finite-state dimension is the optimal asymptotic approximation rate achievable by
finite-state transducers.

Definition 5 (Relativized finite-state dimension and f-normality [!1]). Let f be an SE and x €
[0,1). Define

imf{(z) = inf liminf —9
dimyg(z) T SFST 50t logy,(1/8)

We say = is f-normal if dim}és(x) =1.

The standard base-k naming map will serve as the baseline enumerator throughout. Let fsq :
¥* — [0,1) be the standard base-k enumerator
val(u)
klul

with fsq(A) = 0. We now define the induced best approximation from below chain associated with
a separator enumerator.

fswa(u) = grid(u) =

(w7 A),



Definition 6 (Best approximation from below [11]). Let f be an SE and x € [0,1). For eachn € N,
define al)(x) to be any value f(w) with |w| < n such that f(w) < x and x— f(w) is minimum among
all w with |u| <n and f(u) < z. Equivalently,

al

n

(2) = max{f(w) : | <n, fw) <},

3 Equidistribution cannot characterize normality for separator
enumerators

We now address Mayordomo’s question on equidistribution criteria for f-normality. Fix a separator
enumerator f : ¥* — [0,1) and z € [0, 1), and let (af;(x))nzo be the best approximation from below
sequence corresponding to f and x (see Definition 6).

Question 1 ([11]). Can f-normality be characterized via equidistribution properties of the sequence
(121" ah(@))nz0?

We answer this question in the negative by constructing two total computable rational-valued
separator enumerators fy, fi and a point x € [0,1) such that afLO(:L‘) = af! (z) for all n, yet
dimléos(x) = 0 while diméls(x) =1

3.1 Preliminary lemmas

From the finite-state transducer characterization of finite-state dimension due to Doty and Moser
(see Theorem 3.11 from [1]), we obtain the following corollary.

Lemma 1. There exists an infinite sequence Z € 3°° such that for every X-FST T,
(

.. Zn
lim inf 7)
n—00 n

=1,

where z, == Z [ n.

Proof. Fix any Y-normal sequence Z. By the transducer characterization of finite-state dimension
and the fact that normal sequences have finite-state dimension equal to 1,
KT(z
1 = dimps(Z) = inf liminf M.
T n—00 n

Therefore, for every ¥-FST T one must have liminf, K7 (z,)/n = 1; otherwise the infimum would
be < 1. O

We also need a second sequence whose prefixes are distinct from the first but have the same
property. This is achieved by a fixed symbol permutation.

Lemma 2. Let 7 : ¥ — X be a bijection and extend it letterwise to w : X% — X*. If Z € ¥°° satisfies
Lemma 1, then so does w(Z), i.e. the prefives t, := m(Z) [n = 7(z,) satisfy liminf, K7 (t,)/n =1
for every X-FST T.

Proof. Fix a X-FST T. Let P be the 1l-state transducer that maps each input symbol a to the
single output symbol 7(a). Then P(w) = w(w) for all w, and similarly there is a 1-state transducer
P! with P~Y(w) = 7= (w) for all w. For any string wu,

KT (n(w)) = KT(P(u)) > KT T (u),



because any input producing m(u) under 7T yields an input producing v under P! o T'. Thus, for
tn = 7(2n),

KT(tn) - KPfloT(Zn)

n - n ’
Taking liminf and applying Lemma 1 for the transducer P~! o T' we obtain liminf, K7 (t,)/n =
1. O

Fix a bijection 7 : ¥ — ¥ with no fixed points (such a derangement exists for all k£ > 2) and with
m(0) # 0. Let Z be as in Lemma 1, let Y = 7n(Z), and write z, := Z [n and y,, :=Y [n = 7(zy).
Then z, # yy for all n because 7 has no fixed points, and y,, # 0" for all n because 7(0) # 0.

3.2 Construction of the two separator enumerators

Fix z := § € (0,1). For each n € N, define r,, := k~("*2) and
A, = (y: —Tp, T — 'I"n+1) U (m +rpr1, T+ Tn)~

Then A,, is a nonempty open set and (A ),>0 partition the punctured neighborhood

(2 =70, @ +r0) \ {u} = [ | 4n

n>0
, and log(1/ry) = n + 2. Define the target best-from-below values

Tn + T+l
cn::x—%e(m—rmx—rnﬂ)g%ln

. These values will later be enforced as the canonical length-n approximants to = for both enumer-
ators, i.e., we will arrange al (x) = ¢, for each n. Observe that ¢, < z and ¢, Tz as n — oc.

For each n, fix a computable listing (dy, +)ien of distinct rationals in A, NQ\ {c,} whose range is
dense in A,,, and set D), := {d,; : t € N}. Also fix a computable listing (¢:)en of distinct rationals
in ([0,1) \ (z — 79,2 4+ r9)) N Q whose range is dense there, and set Dg,, := {g; : t € N}. We now
define two functions fy, f1 : ¥* — [0, 1).

Step 1 (fixing the best-from-below chain for lengths < n). For each n > 0, define

fD(On) ‘= Cn, fl(zn) = Cn.

(Here 0 € ¥ is a fixed symbol, and 0" is the all-0 word of length n.)

Step 2 (ensuring density near z using incompressible prefixes). Partition N into pairwise
disjoint infinite sets (L, )n>0 such that m € L,, implies m > n+ 1. For concreteness, one may take
L, ={2"(2t+ 1) : t € N}; then m € L,, implies m > 2" > n+ 1 for n > 0. Fix computable
bijections ¢, : L, — D, by setting, for ¢t € N,

(272t + 1)) 1= dyy.
Now set, for each n > 0 and each m € Ly,

Jo(Ym) = fi1(ym) := on(m) € Ap.

Note that there is no conflict with Step 1, since y,,, # 0™ and y,,, # 2y, for all m. Thus, for each n,
the set {fi(ym) : m € Ly} is dense in A,, (for both i =0, 1).



Step 3 (defining all remaining values far from z while maintaining density). Let W be
the set of all remaining strings not yet assigned a value by Steps 1-2:

W::E*\({O”:neN} U {zn:neN} U {yn:neN}>.

Enumerate ¥* in the length lexicographic order, then all words of length 2 in lexicographic order,
and so on. Call this enumeration (u;);jen. Define w; to be the jth word in this list that lies in W,
i.e., the jth u; such that u; ¢ {0" : n € N} U {2z, : n € N} U {y, : n € N}. Also enumerate
Dty = {q0,q1, g2, - . . } according to the fixed computable listing above. Define fo(w;) = fi(w;) := g;
for all j.

Lemma 3. The functions fy, f1 defined above are total computable rational-valued separator enu-
merators: each Im(f;) is countable and dense in [0, 1).

Proof. Countability is immediate since ¥* is countable.

We also note that fp and f; are total computable (with rational outputs). Assume the fixed
dense sets D, and Dg,. come with fixed computable enumerations, and that each ¢, : L, —
Dy, \ {cn} is a fixed computable bijection. Also fix Z to be a computable ¥-normal sequence, so
n — z, = Z | n is computable; then Y = 7w (Z) is computable and n + y, = Y [n is computable.

On input w € ¥* of length ¢, we compute f;(w) as follows. First check whether w = 0 (all
symbols equal 0), whether w = 2z, (compute z, and compare), and whether w = gy, (compute yy
and compare). If w = 0° output fo(w) = ¢;; if w = 2, output fi(w) = ¢;; and if w = y, then find
the unique n with ¢ € L,, (the L,, are decidable and disjoint) and output fo(w) = fi(w) = ©n(f).
Otherwise w € W, and W is decidable because w ¢ W iff one of the three checks above holds.
In this case, compute the index j such that w = w; in Step 3 by enumerating all words of ¥*
by increasing length, and within each fixed length in lexicographic order, skipping exactly those
words that are not in W, until w is reached; then output fo(w) = fi(w) = ¢; (where (g;) is the
fixed computable enumeration of D). This procedure halts for every input w, so fy, f1 are total
computable.

For density, let I C [0,1) be a nonempty open interval. If I intersects [0,1) \ (x — 7o,z + 19),
then I contains a rational in Dg,,, hence an image point of f;. Otherwise, I C (x — ro,z + r¢), so
I intersects A,, for some n > 0 (because the annuli partition (x — 9,z + 79) \ {z} and I is open,
hence cannot be {z}). Since D, is dense in A,, and {fi(ym) : m € L,} = ©n(Ly) is dense in A,,
the interval I contains some f;(yy,). Thus Im(f;) meets every nonempty open interval, so it is
dense. O

Since fp and f; are rational-valued and the above procedure computes the defining case and the
corresponding index effectively, it in fact yields exact computation: there is a Turing machine that,
on input w € ¥* halts and outputs the rational value f;(w) itself (rather than merely producing
2~ Lapproximations). The next lemma shows that fo and f; induce exactly the same sequence of
length-bounded approximations of z from below (and hence the same associated numeric scaling
sequence).

Lemma 4. For everyn € N, al? (x) = af! (x) = cn. Consequently, the numeric sequences (k‘”aflo (z))

and (k"ai! (x)) are identical.

Proof. Fix n. We first show af{’(m) = ¢,. By definition, fo(0") = ¢, < z, so afbo(x) > cp.
Now consider any string w with |w| < n and fo(w) < x. If w = 0™ for some m < n, then
fo(w) = ¢ < ¢, because (cp,) is increasing. If w = y,, for some m, then fy(w) € A; for some j
with m € L;. In particular, fo(w) < x —rj11 < x. Moreover, since m € L; implies m > j + 1,



we have j < m —1 < n —1 whenever m < n. Thus fo(w) <z —rj41 < x—1r, < ¢, (because
¢pn > « — ry by construction). Finally, if w € W then fy(w) € Dgyy € [0,1) \ (x — 7o,z + 10), SO
either fo(w) <z —rog<x—r, <c,or fo(w) > x+rg > x. In either case it cannot exceed ¢,, while
staying < x. Therefore, among all |w| < n with fy(w) < z, the maximum is attained at w = 0"
with value ¢,,. Hence a? (x) = cp.

The proof for f; is identical, replacing the witness 0" by z, (since fi(z,) = ¢,) and noting
that no other string of length < n attains a value in (c¢,,z| by the same case analysis. Thus

a{;l () = cp. ]

We now complete the construction by showing that, for the fixed point x = %, the two sepa-
rator enumerators fo and f; constructed above induce different relativized finite-state dimensions:
dim}@s(x) = 0 while dlmﬁls(:z;) = 1. Together with Lemma 4, this yields a negative answer to
Mayordomo’s open question [11].

Theorem 1. There exist total computable rational-valued separator enumerators fo, f1 : ¥* — [0,1)
and a point x € [0,1) such that
alo(z) = alt(x) for all n,

n

yet
dimféos(x) =0 and dlm{:ls(aj) =1.

In particular, x is not fo-normal, while x is fi-normal.

Proof. We use the constructions above with the fixed z = % By Lemma 4, the sequences al? (x)

and af' (x) coincide (both equal ¢,), so (k"ay,(z)) is identical for fo and f;. It remains to compute
the relativized finite-state dimensions.

Part 1: We show dimléos(x) = 0. For each integer L > 1, let Ty, be the 1-state transducer that
outputs 0% on every input symbol. Then T}, () = 047l for all 7, hence

KTe(on) < [%] :

Fix n and consider §,, := r,/2 (so log,(1/d,) = n + 2 + log, 2). Since fo(0") = ¢, and |z — ¢, | =
|z — (x — (rp + 7n41)/2)| = (P + Tny1)/2 < 19y =205, we have |fo(0") — x| < 20,,.Therefore

K@) < K™ (0" < ||

Hence .
Ky, (@) [n/L] 1

liminf —2——— <liminf ——M——— = —.
o logy(1/(26,)) — noee (n+2)+0(1) L

To justify that this controls the full liminfs ,p+ (and not only the subsequence 24,), note that
KgL’f %(x) is monotone non-increasing in §. Hence for any 0 € (20,41, 20,],

KgLJb (:L‘) < KTLJO (x)

26n+1

Moreover, for such d we have log;(1/d) > log;(1/(20,)). Therefore,

26n+1

KgL’fO(x) 3 KTL:fO(x)
log;,(1/6) — log(1/(26n))




Taking lim inf over all § — 0" and using that n — oo along the corresponding intervals yields

KTL,fo KTLJO T
lim inf ) (x) S lim inf 25n+1( ) . logk(l/(25n+l))
s—0+ logg(1/9) n—oo 1og,(1/(20n+1))  logi(1/(26,))
. Kok () n+3+0(1)
< liminf - lim —m—— 2~
R Togr(1/(20ms1)) e n+ 2+ O(1)
<1
- L

Since the above holds for all T}, taking the infimum over all transducers 7" and then letting L. — oo
yields dlmgos(x) =0.
;@)

Part 2: We show dimélS (z) = 1. Fix an arbitrary 3-FST T'. We prove that liminfs_,y+ fsgkm

v

1, which implies dim{;ls(x) = 1 after taking the infimum over 7.

Consider the scale ¢, := r,. Any value fi(w) within distance §,, = 7, of  must lie in (z —
Tny T +1y) ={z}U|];5, Aj, so w must be either (i) one of the special words z; with j > n (since
fi(z;) = ¢j € Aj), or (ii) one of the special words v, with fi(ym) € A; for some j > n (these are
the values placed densely in the annuli), because by construction all other words are mapped into
Dy,, outside (x — 19,z + 19). Therefore,

Tfi() > mi ( W KT (2 - T )
K.’'(z) > min rJnerrLlK (25), - fl(yrrrSlentZnAjK (Ym) )-

We now lower bound each term asymptotically by n. By Lemma 1, we have lim inf; oo K7 (2;)/j =
1. Hence for every e > 0 there exists .J such that for all j > J, K7 (z;) > (1—¢)3; consequently, for all
n > J, minj>, KT(z;) > (1—¢)n. Similarly, by Lemma 2 applied to Y, iminf,, 00 K7 (ym)/m = 1,
so for every £ > 0 there exists M such that for all m > M, K7 (y,,) > (1—¢&)m. In our construction,
if fi(ym) € Aj, then m € L;, and by design m > j + 1; therefore, whenever fi(ym) € U,~,, 4;, we
have m > n+ 1. For all n > M,

jzn

min KT m) > (l—¢)n+1) > (1 —¢e)n.
. (ym) =2 (1—¢e)(n+1) = (1-¢)

Putting the two bounds together, for all sufficiently large n, K./ (x) > (1—¢e)n. Since log,(1/ry,) =
n + 2, we obtain

KT7f1 1 _
lim inf L (®) > TG k) L
n—00 ]ogk(l/rn) n—oo N+ 2
K7 (2)

. s T .
n—00 Tog, (1/rm) > 1. By monotonicity of K 1 () in 6 and

the fact that any § € (1,41, ry] satisfies log;,(1/9) € [n+2,n+3), it follows that the full liminfs_,y+
is also at least 1. Thus

As € > 0 was arbitrary, this yields lim inf

KT1f1
lim inf —2¢ (z)

20—~ >1
5—0+ log(1/6) —

for every T', which implies that dim{;ls (z) = 1.
O

As an immediate consequence, f-normality cannot be characterized by any property of the
single numerical sequence (k™af, (z)).



Corollary 1. There is no property P of the numeric sequence (k”af;(x))neN (in particular, no
equidistribution property of this sequence) such that for all separator enumerators f and all x €
[07 1);

x is f-normal < (k™al(x)) has property P.

Proof. Take fo, f1,x from Theorem 1. By Lemma 4, the sequences (k:"aflD (z)) and (k”af} (z)) are
identical, so they either both satisfy P or both fail P. But by Theorem 1, x is fi-normal and not
fo-normal, so no such P can exist. O

4 Finite-State Coherent Enumerators and an Equidistribution Char-
acterization of f-Normality

From the previous section, we know that no equidistribution (or other distributional) criterion
depending only on the sequence (k‘”afl(:n))nzl can characterize f-normality uniformly over all sepa-
rator enumerators. The goal of this section is to isolate a natural structural regime in which such a
characterization does hold. We do this by restricting to finite-state coherent enumerators, i.e. nam-
ing schemes obtained from the standard base-k grid by an invertible synchronous Mealy-machine
relabeling.

To state an equidistribution characterization in this setting, we must use a notion that re-
mains meaningful for the standard enumerator. For the standard base-k naming map fsq(w) =
val(w)/k"! the scaled approximation sequence by, (z) 1= k™al* (z) is integer-valued (indeed by, (z) =
|k™x ), so the usual notion of equidistribution modulo 1 becomes trivial. The natural replacement
is to ask for uniform distribution of the residues of b, (z) at every finite base-k resolution, i.e. mod-
ulo £™ for each fixed m. This leads to the following notion of k-adic equidistribution, which we
adopt in the rest of the paper.

Definition 7 (k-adic equidistribution). A sequence (by)n>1 of integers is k-adically equidistributed
if for every m > 1 and every residue v € {0,1,...,k™ — 1},

1 1
lim —#{1<n<N: b,= d™}=—.
i GRS N b=r (mod K} = i
For finite-state coherent enumerators, the best-from-below approximants admit an explicit
closed form, and the induced f-dimension is invariant under finite-state coherent relabelings. These
two facts combine to yield a clean equidistribution characterization of f-normality in terms of k-adic
equidistribution of the integer sequence (k:"aﬁ(:v))nzl.

4.1 Finite-state coherent enumerators

We begin by defining invertible synchronous Mealy machines.

Definition 8 (Invertible synchronous Mealy machine). An invertible synchronous Mealy machine
is a tuple M = (Q, 0, A, qo) where Q is a finite nonempty set of states, § : Q X X — Q is a transition
function, and X : Q X X — X is an output function such that for every state ¢ € Q, the map
a — XNq,a) is a permutation of X.

The induced map M : ¥* — X* is defined by reading left-to-right: set M(\) = X, and for
w=wi---wy, define u=M(w)=uq---u, by the recursion

¢ = 6(qi—1,w;), wi = MNgi—1,w;)) (1=1,...,n),

with qo as the initial state. In particular, |M(w)| = |w| for all w.



We state the basic properties of invertible synchronous Mealy machines.
Lemma 5. Let M be an invertible synchronous Mealy machine.

1. For every n, the restriction M : X" — X" is a bijection.

2. There exists an invertible synchronous Mealy machine M~ such that for all w € ¥*, we have
MY Mw)) =w .

3. M extends letter-by-letter (via the same recursion as in the definition of M) to a bijection
M : ¥%®° — ¥ with inverse M 1.

Proof. (1) Fix n. Because at each step the output letter is obtained by applying a permutation
depending on the current state, distinct inputs cannot merge: if w # w’ then at the first position
i where they differ, the machine is in the same state (because it has read the same prefix) and
applies a permutation to two different letters, hence outputs different letters at position i. Thus
M is injective on X", hence bijective because X" is finite.

(2) One constructs M ~! by reversing the per-state permutations: in state ¢ output A(q,-)~!(a)
on input a, and update the state consistently (standard Mealy-machine inversion). Because all
per-state maps are permutations, this is well-defined.

(3) The same recursion as in definition of M works on infinite inputs; bijectivity follows from
(1) on all finite prefixes. O

Now we formalize the finite-state coherence condition, which captures length-preserving, bounded-
memory relabelings of the standard base-k grid.

Definition 9 (Finite-state coherent enumerator). A function f : ¥* — [0, 1) is finite-state coherent
if there exists an invertible synchronous Mealy machine M such that for every nonempty w € 37",
flw) = grid(M(w)) = % (For definiteness, set f(A) =0.)

Finite-state coherence immediately forces f to enumerate the entire standard k-adic grid at

each length.

Lemma 6. If f is finite-state coherent, then Im(f) = UJ,,~1{j/k" : 0 < j < k™}, hence f is a
separator enumerator.

Proof. Fix n > 1. By Lemma 5(1), M (X") = ¥". Therefore
. : J .
f(E") = grid(M(X")) = grid(X") = {k” 0<j< k‘”} .
Taking the union over n gives the claimed image, which is countable and dense in [0, 1). ]
For finite-state coherent enumerators, the best-from-below approximation sequence coincides

with the usual base-k truncations.

Lemma 7. Let f be finite-state coherent and x € [0,1). Then for every n > 1, afL(x) = kanfj. In

particular, the scaled sequence is integer-valued: k:"aé(x) = |k"z] € {0,1,..., k" — 1}.

Proof. By Lemma 6, for each m < n the set f(X™) equals the full grid {j/k™ : 0 < j < k™}.
Hence the set of all values f(w) with |w| < n is exactly U,,_,;{j/k™ : 0 < j < k™}. Among the
level-n grid points {j/k™}, the largest one < z is |k™xz]|/k™. It remains to check that no coarser
grid point (denominator k™ with m < n) can exceed this value while staying < z. But for each
m < mn, kan:fj < ka”nxj7 because multiplying both sides by k™ gives k"™ |k™z| < |k"z|, which
holds since k"™ |k™z| < k"x and the left-hand side is an integer.

O
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Next we relate approximation complexity under a finite-state coherent f to approximation
complexity under the standard base-k enumerator. Recall that fyq : £¥* — [0,1) is the standard
base-k enumerator.

grid(M (w)) for all

KMOT7 fstd

Lemma 8. Let f be finite-state coherent via a Mealy machine M, i.e. f(w)
= Kj (x), where

w. Then for every 3-FST T, every x € [0,1), and every § > 0, Kg’f(x)
M oT denotes the output-composition transducer w— M (T (7)).

Proof. Since grid(u) = fsq(u) for every u € ¥*, we obtain Kg’f(x) = min{ K7 (w) : |fsa(M(w)) — z| <
§}. Substitute u = M(w). Since M : X!*l — ¥I¥l is bijective for each length, this is equivalent
to K(;T’f(x) = min{ KT (M~ (u)) : |fsta(u) — x| < §}. For every u € ¥*, KT (M~*(u)) = min{|r| :
T(r) = M~ (u)} = min{|n| : M(T(n)) = u} = KM°T(u), and substituting yields the claim. [

The next proposition formalizes the key robustness property of finite-state coherence: composing
the naming map with an invertible synchronous Mealy relabeling does not change the relativized
finite-state approximation complexity, and hence does not change the induced f-dimension.

Proposition 1. If f is finite-state coherent, then for every x € [0,1), dimgs(az) = dimﬁb‘éd (). In
particular, x is f-normal if and only if x is fsyq-normal.

Proof. Let f be finite-state coherent via M. By Lemma 8, for every T and every 9, K(;T’f (x) =
K(‘;WOT’f std(x), hence the corresponding lim inf ratios coincide. Taking inf7 over all FSTs on the left

equals taking infg over all FSTs on the right, because T'+— M o T' is a bijection on FSTs (with
inverse S +— M~! 0 S). Therefore the two infima coincide. O

The next theorem states that, for the standard base-k naming map fsq, the paper’s notion of
f-normality (i.e. diml{:s(x) = 1) coincides exactly with the classical notion of base-k normality of
T.

Theorem 2. For x € [0,1), one has dim{%" (x) =1 if and only if = is base-k normal.

Proof. By Theorem 3.3 of [11], for every z € [0, 1), diml{:SStd (x) = dimps(seqy(x)). By the standard
characterization of normality via finite-state dimension (e.g. [1]), one has dimpg(seq,(x)) = 1 if and
only if seqy(x) is base-k normal. Finally, by definition, seqy(x) is base-k normal if and only if z is
base-k normal. Combining these equivalences yields the claim. ]

It is straightforward to verify that k-adic equidistribution of the sequence (|k"z|),>1 coincides
with base-k normality [5].

Theorem 3. Let x € [0,1) and set by, = |k™x]. Then x is base-k normal if and only if (by)n>1 is
k-adically equidistributed.

Finally we combine finite-state coherent invariance with the explicit form of aﬂ(m) to obtain the
equidistribution characterization in terms of the scaled approximation sequence.

Theorem 4. Let f be a finite-state coherent separator enumerator over X and let x € [0,1). Then
x is f-normal if and only if the integer sequence (k”a,{(az))nzl is k-adically equidistributed.

Proof. Let b, (x) := k‘"aii(:r). Since f is finite-state coherent, Proposition 1 gives x is f-normal if
and only if x is fsig-normal. By Theorem 2, fyq-normality is equivalent to base-k normality of . On
the other hand, Theorem 3 states that base-k normality of x is equivalent to k-adic equidistribution
of the integer sequence (Lk”xj )n>1. Finally, Lemma 7 identifies the scaled approximation sequence

for finite-state coherent f with this canonical sequence, namely b,(z) = |[k"z| for all n > 1.
Substituting this identity into the previous equivalence yields  is f-normal if and only if (b,,(2))n>1
is k-adically equidistributed, which is exactly the claim. O
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4.2 Beyond finite-state coherence: a nearly linear time computable counterex-
ample

This subsection shows that once one moves beyond finite-state coherent enumerators, a k-adic
equidistribution-based criterion for f-normality can fail even under very low resource bounds. Con-
cretely, we construct a nearly linear time computable separator enumerator f and a point = € [0,1)
such that b, (z) := k"al(z) is k-adically equidistributed, yet dim{;S (z) =0.

Towards defining the enumerator, fix ¥ = {0,1,...,k — 1} with k = |¥| > 2 and set = := 1/k.
For n > 1 define J,, := k"' —n and ¢, := J,,/k" = 1/k —n/k™. Then 0 < ¢, <  for all n and
(¢n) is nondecreasing since ¢,4+1 — ¢, = ((k — 1)n — 1)/k" "L > 0.

Definition of the enumerator. Define f : ¥* — [0,1) as follows, where n = |w|.

(

Cn, it w = 0",
Va,i(nw), if w starts with 0, w # 0", val(w) < Jp,
flw):=<¢0, if w starts with 0, w # 0", val(w) > J,,
a:+k,n%, if w=10""1
L %&w), otherwise.

In particular, clauses with leading digit 0 satisfy f(w) < ¢, < z, while clauses with leading digit
# 0 satisfy f(w) > x.

Lemma 9. The function [ is a rational-valued separator enumerator, and f is O(nlogn) time
computable.

Proof. For density in [0,z), fix n > 1. For each integer 1 < j < J,, there exists a length-n word w
beginning with 0 with val(w) = j, and then f(w) = j/k™ by clause (ii). Also 0 € Im(f): for any n
choose a length-n word w beginning with 0 with val(w) > J,, (e.g. w = 0 (k—1)""1), so clause (iii)
gives f(w) = 0. Since ¢, = J,/k™ T x, it follows that (J,,~,{j/k" : 0 < j < J,} is dense in [0, ).

For density in (z,1), clause (v) realizes all grid points val(w)/k™ with first digit nonzero, except
that the single point z = val(10"~1)/k™ is replaced by = + 1/k""1 > x by clause (iv). To see that
the realized points are dense in (x, 1), fix ¢ > 0 and choose n > 2 with k™" < e. Then w :=10""21
has length n, begins with 1, and satisfies f(w) = val(w)/k"™ = z+1/k™ € (z,x+¢), so every interval
(z,z + ¢) meets Im(f). Since the grid points are dense in (x,1) and we only removed/perturbed
one point on each level, it follows that Im(f) meets every nonempty open interval in (z,1). Thus
Im(f) is dense in [0, 1), so f is a separator enumerator.

We use the log-cost RAM model (see [10]), in which registers store nonnegative integers in
binary and each instruction has cost proportional to the bit-lengths of the operands and addresses
used; in particular, random access to the i-th input symbol costs O(logi). We represent the output
rational f(w) as a pair (p, m) meaning p/k™, where p is written explicitly in base k as a digit string
(so the output length is O(|w|)). In this model, f is computable in time O(|w|log |w|) by a direct
case analysis. One first reads the input via accesses to by, ..., bj,|41 in order to determine |w| and a
constant number of flags (whether w = 0"l whether w = 10*1=1 and whether the first digit is 0);
this costs >, O(logi) = O(|w[log|w]), and the auxiliary bookkeeping uses only O(log [w|)-bit
counters. In the easy cases, the output (p, m) is produced by copying w or by writing the required
base-k digit string for p (namely, the explicit strings for k/*! + 1 or Jjw|), which takes O(|w]) digit
steps and hence O(|w|log |w|) time accounting for log-cost indexing/output. In the remaining case
w = Ou with |u| = |w|—1, one computes the base-k digit string of J,,| = "= —|w| and compares it
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lexicographically with u; both tasks take O(|w|) digit steps, each incurring only O(log |w|) overhead
from log-cost addressing/counters. Thus the total running time is O(|w|log |w]). O

We next identify the induced best-from-below approximation chain at the special point z = 1/k.

Lemma 10. For everyn > 1, one has afL(:E) = ¢,,. Consequently, b,(z) = k:”afl(m) =Jy=k""1on.
Proof. Since f(0") = ¢, by clause (i) and ¢, = 1/k — n/k™ < = 1/k, we have a}(z) > ¢,. Now
let w € X" with f(w) < z. If w begins with a nonzero digit, then f(w) > x by clause (iv) or (v), a
contradiction; hence w begins with 0. If w = 0™ then f(w) = ¢,. If w # 0™, then by clause (ii) or
(iii) either f(w) = val(w)/k™ with val(w) < Jy, or f(w) = 0; in the first case

val(w) < JIn,

flw) = = fn

= Cn,

and in the second case f(w) = 0 < ¢,. Thus every w € ¥" with f(w) < z satisfies f(w) < ¢, so

al(z) < ¢,. Therefore al)(z) = ¢,, and multiplying by k" vields b,(z) = k"¢, = Jp = k"L —n. O

We now verify that the sequence (b, (x))n>1 is k-adically equidistributed.
Lemma 11. The integer sequence (by(x))n>1 is k-adically equidistributed.

Proof. Fix m > 1. For all n > m + 1 one has k™ | k"', hence b,(z) = k"' —n = —n
(mod k™) for all n > m + 1. As n ranges over {1,2,..., N}, the residues of —n mod k™ are
asymptotically uniform, and omitting the finite initial segment n < m does not affect limiting
frequencies. Therefore, for every r € {0,1,..., k™ — 1}, limy_ 00 %#{1 <n<N: byz) =7
(mod k™)} = . O

Finally, despite this equidistribution property, the point x has vanishing relativized finite-state
dimension with respect to f.

Proposition 2. For the above f and z = 1/k, one has dimgs(aj) =0.

Proof. For each L > 1 let Tp, be the 1-state X-FST that outputs 0¥ on every input symbol. Then
Ty(m) = 0817l so KT (0™) < [n/L]. Let 6, := 2n/k". Since f(0") = ¢, and |z — ¢,| = i < Op We
have Kg:f’f(x) < KTt (0™) < [n/L]. Since log,(1/6,) = log,(k™/(2n)) = n — log,(2n), we obtain

KTva T L 1
Hminf‘s"i() < liminfL = —.
n—oo logy(1/6p) = n—oc n—logy(2n) L

Taking the infimum over transducers (in particular over 77,) and letting L — oo yields diml’:S (z) =
0. O

Taking x = 1/k and f as defined above we obtain the following.

Theorem 5. There exist a rational-valued O(nlogn)-time computable separator enumerator f :
¥* — [0,1) and a point x € [0,1) such that the integer sequence (k"aé(m))nzl is k-adically equidis-
tributed, while dimés(:r) =0.

Proof. Take x = 1/k and f as defined above. Lemma 10 identifies k"afl(x) =

bp(z), Lemma 11
shows (b (7)) is k-adically equidistributed, and Proposition 2 gives dim%s(@ =0. O
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5 Discussion and open questions

We show that, in general, no distributional property of the scaled best-from-below approximation
sequence (k”afl(:c))nzl can characterize f-normality uniformly over all separator enumerators (in-
deed, we construct computable enumerators fy, fi for which the associated scaled approximation
sequences coincide while the corresponding f-normality behavior diverges). At the same time, we
identify a structured regime—finite-state coherent enumerators—in which f-normality is equivalent
to k-adic equidistribution of (k"a%(x))nzl. We also show that this correspondence can already fail
for an efficiently computable separator enumerator, in fact for an O(nlogn)-time computable f.
This raises the natural question of how far this correspondence persists beyond finite-state coherent
relabelings. One concrete setting is when the naming map is computable by a deterministic push-
down transducer. In particular, does there exist such a separator enumerator f and a point = € [0, 1)
for which the integer sequence (k‘"afl(:v))nzl is k-adically equidistributed while dimlés(x) <17 It
would also be interesting to identify the widest natural family of separator enumerators for which
an equidistribution characterization of f-normality remains valid.

A related direction concerns the role of invertibility in the defining Mealy-machine relabeling:
invertibility is used to transport approximation complexity via the substitution v = M (w) and
to ensure that T' — M o T is a bijection on finite-state transducers, yielding invariance of the
induced f-dimension. It would be interesting to determine whether some weaker condition (e.g.
levelwise surjectivity or bounded-to-one behavior on each ¥.") suffices for the same equidistribution
characterization, or whether non-invertible finite-state relabelings can already break it.
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